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100

Quantum Chromo-dynamics
the theory of strong interactions

describes both

e asymptotic freedom
at large energies
as <1
— perturbation theory

e confinement
at low energies
as~1
— non-perturbative

= Lattice QCD is a non-perturbative, ab-initio method
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Motivation

¥ e to leading order in as

a(I(k)p(p) —I(k") +X) =

7 g=k—¥ 1

: U . [ xS 0s e (xp) —

proton 0 f
\ ’I': lmdrons' I (k/) + qf (p/))

e large momentum transfer

lepton

e parton distribution functions f;:
probability density
of finding constituent

e deep inelastic scattering with momentum fraction x
of an electron and a proton ,
) ) i e PDF’s are

e interested in cross-section non-perturbative
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Motivation: Hydrogen Atom versus Proton (QED vs. QCD)

e Hydrogen Atom:
e electron mass: 0.5 MeV
e proton mass: 938 MeV
e binding energy: 13.5 eV

e Proton:

e u-quark mass: ~ 3 MeV

e d-quark mass: ~ 6 MeV

e proton mass: 938 MeV
— QCD origin of mass

e accuracy of strong coupling

e moreover: quarks cannot be as(mz) = 0.119(1)
observed, confinement e fine structure constant
a1 =137.035 999 697(94)
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Flavour Singlet Pseudo-Scalar Mesons

¢ nine lightest pseudo-scalar
mesons show a peculiar
spectrum:
o 3 very light pions (140 MeV)
e Kaons and the n around
600 MeV
e the ' has mass around 1 GeV

e The large mass of the ' meson is thought to be caused by the
QCD vacuum structure and the U(1), anomaly

e 7' meson is not a (would be) Goldstone Boson
e 7' is massive even in the chiral limit

e Lattice QCD allows to study this
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Chiral Symmetry

e in QCD with massless quarks
chiral symmetry is spontaneously broken

e consequences:

e 8 massless Goldstone bosons
in the limit of 3 massless quarks: 3 pions, 4 Kaons, n

e quark masses break chiral symmetry explicitly
e.g. pions acquire mass

m2 o (my + my)

e Chiral Perturbation Theory (xPT) provides effective description
however, Low Energy Constants (LECs) are unknown

e lattice QCD offers the unique possibility
to investigate the quark mass dependence
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: ©(a) Improvement

QCD in Euclidean Space-Time

e expectation values in path-integral quantisation

x /DAH DY Dy O e~ SAw Y]

with action (N; mass degenerate quark flavours, ¢ = h = 1)
S[AL: P, 9] = /d4 {4 b+ 0 (7D + mqw} =Sc + St

analogy: e~S can be interpreted as Boltzmann factor

stochastic integration with Monte-Carlo methods
importance sampling

still need to regularise the theory — Lattice
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Lattice Methods Regularisation

Theoreti e\ pme O(a) Improvement

Lattice Quantum Chromo-dynamics

Introduce finite space-time lattice L% x T

e lattice spacing a
[ [ J [ [ J
o momentum cut-off: kmax o< 1/a.
b g b g o fermionic fields on space-time points
° ° ° ° e functional integral:
B(x)  v(x+ap) /D / d
o VW) pxwan V- H (%)
a

{Wison, 2974, 19751 o what about the gauge potential A,,?

10/43 The Quest of Solving QCD



Lattice Methods

(a) Improvement

Lattice Quantum Chromo-dynamics
The principle of local gauge invariance

e gauge covariant derivative D,,

D(x) = lim Z[U(x,x + ai)u(x +af) — (x)]
e transformation laws
P00 = VOO, UGY) — VUG YY)
with U,V € SU(3)

e for infinitesimal a
a

SN+ O(a3)}

U(x,X + afi) = exp | —igA),(x +
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Lattice Methods Regularisation

Theoreti e\ pme O(a) Improvement

Lattice Quantum Chromo-dynamics
The principle of local gauge invariance

space-time lattice L® x T:

o discretised gauge action

1
SeglU]l=)» B41— =ReTr(Upn)

° ) ° ) XD: { 3 0 }
o—eo ° ° (8=6/92)
| va |
o——o ° °

P(x)  P(x +af)
° o——eo °

U(x, u)

[Wilson, 1974, 1975]
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Lattice Methods Regularisation

Theoretic. ts: O(a) Improvement

Lattice Quantum Chromo-dynamics
The principle of local gauge invariance

space-time lattice L® x T:

o discretised gauge action

1
SelU] =) B41- ZReTr(Up)
° ) ° ) XD: { s o }
IR ¢ ° (B=6/93)
l Up [ « covariant difference operators
o—©0 ° ° . A
o) verap) |07 UG ix + ) — ()]
R Vi) = 5 [0 Ul )l )

[Wilson, 1974, 1975]
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Lattice Methods

Regularisation

O(a) Improvement

Wilson Formulation
Wilson Dirac Operator

Dw[U] + mg =

NI =

> [l + Vi) — av, v, +mo
n

e Wilson Term —aV;,V,
¢ solves the fermion doubling problem,

e but:

e chiral symmetry is explicitly broken, {Dw, s} # 0,
e therefore mp renormalises additively (and multiplicatively)

Mg = Mo — Merit ,

¢ leading lattice artifacts are O(a)
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Lattice Methods Regularisation

O(a) Improvement

QCD on the Lattice

e For given parameters lattice calculations are exact
(up to statistical errors). ..
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: O (a) Improvement

QCD on the Lattice

e For given parameters lattice calculations are exact
(up to statistical errors). ..
e but, there are dangerous animals on the lattice

10y
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Lattice Methods Regularisation

a) Improvement

A Glimpse at the Extrapolations

@ go to infinite volume
® remove cut-off at fixed volume and physics

y
- al - *al/zé ;1/2_
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Lattice Methods Regularisation

O(a) Improvement

The Goal: Precision Lattice QCD Results

e ... we need to control systematic errors:

e |attice spacing effects = continuum limit, lattice spacing a — O,
=- remove leading order lattice artifacts

o finite size effects = thermodynamic limit, physical volume L% — oo,
= use chiral effective field theories.

e chiral effects = chiral limit, mps — m,
= use chiral effective field theories.

= be aware: subtle interplay of limits

e from experience: we need
a < 0.1fm,

L > 2fm,
mps < 300MeV.
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: ©(a) Improvement

Outline

@ Lattice Methods

Monte Carlo for Lattice QCD

@ Physics Results

® Conclusion and Outlook
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: ©(a) Improvement

Why are Fermions expensive to simulate?

e we need to evaluate (y» Grassman valued):
/ Dy Dyp e Y0Pt o det(,D,, + mp)
¢ determinant can be represented by bosonic fields:
det(v,D, + mg) o /D¢T D e~ ¢ (Dutmo) 'e

¢ solving linear equations

§= (’YHDH + rnO)_l¢5

for £ given ¢ using iterative solver (e.g. CG)
requires ©(1000) applications of D& = ~,,D,, + mq
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: ©(a) Improvement

Why are Fermions expensive to simulate?

¢ original Hybrid Monte Carlo (HMC) algorithm
[Duane, Kennedy, Pendleton, Rowet, 1987]

typical parameter values: a = 0.1 fm, mps = 350 MeV

one application of D' per lattice site: 1400 flops

16* lattice: ~ 90 Mflops

solve ¢ = (D'*)~14 200 times: ~ 200 x 260 Gflops= 50 Tflops
5000 configurations: ~ 250 Pflops

e Scaling of the 4-dimensional problem:

e keep fixed box size: L-a ~ 2 fm
e continuum limita — 0O:

halfinga = no. of points increase by 2*
¢ in addition: factor 4 to 8 from algorithm

o wait for bigger computers ...
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: ©(a) Improvement

Why are Fermions expensive to simulate?

¢ original Hybrid Monte Carlo (HMC) algorithm
[Duane, Kennedy, Pendleton, Rowet, 1987]

typical parameter values: a = 0.1 fm, mps = 350 MeV

one application of D' per lattice site: 1400 flops

16* lattice: ~ 90 Mflops

solve ¢ = (D'*)~14 200 times: ~ 200 x 260 Gflops= 50 Tflops
5000 configurations: ~ 250 Pflops

e Scaling of the 4-dimensional problem:

e keep fixed box size: L-a ~ 2 fm
e continuum limita — 0O:

halfinga = no. of points increase by 2*
¢ in addition: factor 4 to 8 from algorithm

o wait for bigger computers ... or invent better algorithms!
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: ©(a) Improvement

Algorithmic Improvements

Cost for 1000 configurations, a = 0.08 fm, Wilson fermions

e ——————STEU e trick:
Uk separate slowly varying
v Urbach et al. | .
[ SR expensive modes
from
rapidly varying

cheap modes

e integrate on multiple

time-scales
e much faster than standard
0 0.5 1
mps/my e similar developments

[Lischer; QCDSF; Peardon et al.; Clark,

Kennedy]
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Lattice Methods isation
Monte Carlo for Lattice QCD

Theoretical O(a) Improvement

Computer Resources
Lattice QCD still needs Peta Flop machines

e special programming

Blue Gene/P system structure
needed

e code [Jansen, C.U., 2009]
speedup:

System
72 Racks, 72432332 1000 T T
1PFls, 144 TB 32% x 64 —=—

64° x 128 —a—o

e Care
(32 chips 4x4x2)

32 compute, 0-110 cards
GFls, 64 GB

Rack
32 Node Cards 1989 x 256
z Cabled BxBx16 o *
, 139 TF/s, 2 TB 1287 x 288 m
=] 100 | J
Chip =
4 processors 2
LR Compute Card o
1 chip, 136 GFls 2
g

<& 2,0 GB DDR2

(4.0GB optional)

e e.g. Jugene at FZ Jilich v

e 72 racks with 1 Peta Flop (peak) Y n 100 1000

# processors [10°
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: ©(a) Improvement

Resources vs. Algorithm

e Machine

© Machine + Algo e real time needed for a

B standard problem
Z 0
g(Boyi \ o machine only reflects
S Gy Moore’s law
g 100
100 e algorithmic improvements
Lt e ContrIbUtealmOSttWO
i 1995 2000 orders of magnitude
year

22143 The Quest of Solving QCD



Lattice Methods

) Improvement

Outline

@ Lattice Methods

Theoretical Developments: O(a) Improvement

@ Physics Results

® Conclusion and Outlook
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Lattice Methods Regularisation
Monte Carlo for Lattice QCD

Theoretical Developments: ©O(a) Improvement

Lattice Artifacts

e any quantity affected by lattice artifacts
<O>Iat _ <O>C—|— a <O/>c_|_a2 <O//>c

operators O’, 0", ... depend on O and on the symmetries of your
action

o discretisation offers large freedom
not unique

e add (irrelevant) counter terms to the action
= Symanzik improvement programme

e or try to find a particular discretisation
where all terms linear in a vanish by symmetries
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Lattice Methods

Theoretical Developments: O(a) Improvement

Twisted Mass Fermions

e Consider the continuum 2-flavour fermionic action

[Frezzotti, Grassi, Sint, Weisz, '99]
Sg = /d4X ’IZ [D + Mg + i/l,“/57'3] w
with
o twisted mass parameter p

e 73 third Pauli matrix acting in flavour space

e Sg is form invariant under a change of variables with angle w:

w N eiw'y57-3/2¢7 1; N ieiwfy57-3/2.

— more general form of the action
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Lattice Methods

Theoretical Developments: O(a) Improvement

Wilson Twisted Mass Fermions

Wilson Twisted Mass Dirac Operator ezt crassi sin, weisz,

1 % * -
Dtm = E %: [’Yﬂ(v/t + VN)_avﬂvlt + Mo + 1573

e when mg = mgic (Maximal twist)
physical observables are O(a) improved

[Frezzotti, Rossi, 2003]

(proof basically by Parity symmetry of continuum action in Symanzik expansion)

Drawback:
o flavour symmetry explicitly broken

26 /43 The Quest of Solving QCD



Lattice Methods

O(a) Improvement at Maximal Twist

L T — T
- fes [MeV] ]
¢ shown to work in practise 200 - N
in the quenched approximation [T S
[Jansen et al., 2004, 2005] : é e — o 1
[Abdel-Rehim et al., 2004, 2005] ol * e . . .
o twisted mass (. relates directly e — 208 Mev ]
to physical quark mass L et mps =515 MV ]
FNT . . . L —2— mpg = 718 MeV a? [f1]12]
only multiplicative renormalisation I
0 0.0125 0.025

e only one parameter mg — Mg must be tuned
no additional operator improvement!

e many mixings under renormalisation are simplified

o flavour symmetry breaking appears at O(a?)
in practise only important for neutral pion mass
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Meson Sector
Ba tor

Physics Results

Outline

@ Physics Results
Meson Sector
Baryon Sector
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Meson Sector
Baryon Sector

Physics Results

Choice of Ensembles

o collaborative effort:
European Twisted Mass Collaboration (ETMC)

e N; = 2 mass-degenerate Wilson quarks at maximal twist

o four values of the lattice spacings:
a~ 0.10 fm, a ~ 0.09 fm, a ~ 0.07 fm, a ~ 0.055 fm

in terms of inverse gauge coupling:
3=3.80,5=39,6=4.0503=42

e values for mps range from 260 to 600 MeV
e L3 x 2L lattices with L > 2 fm

e > 5000 equilibrated trajectories per ensemble
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Physics Results

Pion Sector: mps and fpg
e mps from exponential decay
of appropriate correlation functions
e fpgcan be extracted at maximal twist from
fos = 219 (0[P*(0
ps= —5"[(0|P"(0)|m)]
PS

[Frezzotti, Grassi, Sint, Weisz]

due to an exact lattice Ward identity

e no renormalisation factor needed!
e sinceZ, =1/Zp
e similar to overlap fermions (exact chiral symmetry)

o unlike pure Wilson
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Meson Sector
Baryon Sector

Physics Results

Pion Sector: Mass Determination

e correlator (zero momentum):

0'4""I""I""I"'él}'_'“;' <O(O)O(t)>
| amegr 1 ]
F. aaay o<Z (0/0(0)In)e"*(n|0(0)[0)
0.3 i - . ~ Z o~ (En—Eo)t
T -
02 L ] e pseudo-scalar correlator

C.(t/a) o g—amest/a

01| |t o effective mass:

UIII 5 I 10I IIDI IIZOI 25 am _Io Cﬂ—(t/a)
et = 09¢ (tja+1)
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Physics Results

Continuum Extrapolation fps in Finite Volume

.
ry fes
0.42 + g

i e finite volume L/rp ~ 5.0

038 | 1 e linear interpolation to reference

/ I points

roMmps = const

0.34 + q

1 i i 2

e linear extrapolation a — 0

030 [ | largest a-value not included

romps = 1.100 ———

I‘gl!bps =0.900 —— 3 3

r¥mps = 0.614 e = Only small lattice artifacts!

0

0.26 L~ : :

0 0.02 0.04 0.06

Can we use continuum chiral perturbation theory to describe the
data?

[ETMC, C.U., 2009]
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Meson Sector
Baryon Sector

Physics Results

Quark Mass Dependence and Chiral Perturbation Theory

¢ chiral perturbation theory xPT: low energy effective theory

e describe mass dependence with n; = 2 NLO xPT
plus leading lattice artifacts

mds = X [1+€109(x,/A} +Dma®)|  KA(L)

fos = fo [1 — 2¢l0g(x, /A2) + Dfaz} Ke (L)
with x,, = ZQOZ,L,uq and ¢ = x,./(27fp)?

o finite size corrections Kn (L), K¢ (L) from continuum xPT

[Gasser, Leutwyler, 1987, 1988; Colangelo, Durr, Haefeli, 2005]
e fit simultaneously to our data at a = 0.085 fm and a = 0.066 fm

e 16 data points 300 MeV < mps < 500 MeV
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Meson Sector
Baryon Sector

Physics Results

Pion Sector: (mps)? as Function of the Quark Mass

T T 13 T T
continuum fit ——
1.2 | x?/dof = 19/17 *
CL =0.30 g
05,L = 32 data —a—s
4.05,L = 24 data
08 7 ,
1
a
04 continuum fit ——— 7
90 fit ——
{ .05 fit —— X
B =3.90 data —e— C
B =4.05 data —a—i
0 . . 9 ) )
0 0.05 0.1 0 0.05 0.1
rihm TOHR
e atfirst glance completely e sensitivity to Az clearly
linear visible
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Meson Sector
Baryon Sector

Physics Results

Pion-Sector: fps as Function of the Quark Mass

some results:
il x2/dof =19/17 =
Tl =m0 My [MeV] 3.54(19)(*39)
, ts 3.50(9)(*3,)
SR U4 4.66(4)("33)
e i [ [*/3 [MeV]T 270(5)(*3)
ST e fr/fo 1.0755(6)(*5,)
0.25 3‘: 4.05,L =24 (lf)tn —a—
R - at2 GeVin MS
o l34=2l0g(A34/m,)
¢ control systematics by averaging over O(80) different fits
[ETMC, 2009]

35/43 The Quest of Solving QCD



Physics Results

7 Scattering: S-wave Scattering Length a'=2

e Lischer formula:
01 7 don’t fear
| . ] but use finite volume!

e a'=2 from
energy shift
in finite volume

-- LOX-PT

— NLO x-PT

0.4~ | ® L=2.1fm a=0.086 fi

= |=2.7 fm a=0.086 fry

¢ L=2.1fm a=0.067 fi
NPLQCD (2007)

-0.5~ CP-PACS (2004)

E865 at BNL (2003)

. mga?=-0.04385(28)(38)
1 1.5 2 mn/f 25 3 3.5

e extrapolated using xPT

[ETMC, Feng, Jansen, Renner, 2009]
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Meson Sector
Baryon Sector

Physics Results

Flavour Singlet Pseudo-Scalar Mesons

e 7’ acquires mass through QCD vacuum structure
and anomaly

e 2+ 1 flavours of quarks:
mixing between light and strange interpolating operators

n ~ 0.58(lvsu + dysd) — 0.575vss
n & 0.40(U~su + a’ysd) + 0.82575s
o 2 flavours of quarks:
only one singlet state (1,) which is related to the “real world”
7'(958)

e 752 should have mass around 800 MeV iveneie, wichael, 20001
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Physics Results

Flavour Singlet Pseudo-Scalar Meson 7,

Comparison of quark mass dependence of mpsand m,,

1.0 T r r T T T T
sl @ l I | e 1, mass results
P I down to mps ~ 300 MeV
o0 1 e small lattice artifacts
< mps, @ = 0.0085 fm —s—
o mps,a = 0.0066 fm —e— .
S0 o= 00085 fn o .1 * 72 data consistent
my,a = 0.0066 fm —e—v W|th non-zero Value
02t e 1 in the chiral limit
-
oo b oo e m,, ~ 880 MeV

R [MeV]

[ETMC: K. Jansen, C. Michael, C.U., 2008]
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Meson Sector
Baryon Sector

Physics Results

Chiral Extrapolation of the Nucleon Mass

USIng HBXPT [Jenkins, Manohar, 1991; Becher, Leutwyler, 1999]

69% ( )3/2
n

My = Mn —4Cix, — 55 (X
32rf§

1.60

5o | +| o finite volume effects for smallest

o mass value at 8 = 3.9 negligible

ol : ]
ol e | o my = 962(45)(10)(3)
. 1 e c1 = —1.13(27)(5)(20)
T} 1 ga=1.13(21)(5)(10)

1.00 4

ook o= s f‘g‘% _.. | o still large uncertainty

- a=0.085 fm, L =32 —a—

» W omemrosm can we do better?

' Y me ™ e does the extrapolation work?
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Meson Sector
Baryon Sector

Physics Results

Moments of Parton Distribution Functions of the Nucleon

Lattice can compute only moments of PDF’s

LWE T
I .
W el W ¢ I
! ;d 1
T 7 e curvature hardly visible
i 06f-* 4
I o RBCN,=2+1 DWF | e finite size effects?
¥ oal & RBCN,=2DWF |
: » LHPC Nl =2+1 DWF/MILC
ETMC N,=2 TVIE {1 e need even smaller quark
L QCDSF N=2 IWF i
02 : CTEQ6.6C and QCDSF | masses!
PRI S NS S S IS S S S (RS S S S N S S
0 0.1 0.2 0.3 0.4 0.5
m? [GeV’]

[Renner, 2009]
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Meson Sector
Baryon Sector

Physics Results

A Collection of Results

— T T T —T—
[
i—.-_| mud
O == m
—— s
.:_'T'_. m
_— Rl )
Lo l;
i [4
b m,
== m,
3 flt
—— Lattice error | +—%— £y
— "Exp." error = it
—+— Total error =i f_If
b Ds D
0 00 T e SR D D A
02 04 06 038 Lo L2 14 16 18

latt, . exp

n

(o]

[ETMC, 2009]
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Conclusion and Outlook

Conclusion

Lattice QCD has made significant progress towards solving QCD

e improved algorithms
¢ largely reduced systematic errors
e starting to obtain phenomenologically intersting physical results

e masses and decay constants
e scattering properties

e hadron structure

[ ]

Lattice QCD offers the opportunity to work on
e algorithm and computer oriented questions
e quantum field theoretical questions
e interesting physics
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Conclusion and Outlook

Outlook

In lattice QCD
e 2+ 1+ 1 quark flavours (in progress),
¢ higher precision,
e more observables, ...

What, if the Higgs mechanism is not realised in nature?
e there are other ways to address electroweak symmetry breaking
¢ for instance extended technicolour

e strongly coupled gauge theories
e must have other properties than QCD:
walking and conformal theories

¢ one possible future challenge for lattice gauge theory
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